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We derive the bispectrum’s squeezed limit of primordial curvature perturbations in canonical
single field inflation valid to all orders in slow-roll parameters. Our derivation relies exclusively
on the diffeomorphism invariance of canonical single field inflation, and does not require taking
into account de Sitter isometries or shift symmetries of the ultraviolet theory in which inflation is
build upon. Our result consists in the standard Maldacena’s consistency relation (proportional to
the spectral index of the power spectrum) plus additional terms containing time derivatives of the
power spectrum. An important consequence of our result is the conclusion that a non-attractor
phase (e.g. ultra slow roll phase) cannot generate large non-Gaussianity at the end of inflation.
This is because as soon as the non-attractor phase finishes, the amplitudes of super-horizon modes
stop growing, and one recovers Maldacena’s consistency relation. Thus, we claim that a robust
prediction from canonical single field inflation (attractor or non-attractor) is that the observable
squeezed limit of primordial non-Guassianity vanishes exactly.
Introduction.— Symmetries play a fundamental role in
physics. In cosmic inflation [1–5], the universe is approxi-
mately a de Sitter spacetime. This fact helps to constrain
the expected shape of n-point correlation functions of the
primordial curvature fluctuations ζ, responsible for the
existence of structure in our present universe. In partic-
ular, the de Sitter dilation symmetry can be exploited
to determine the scale invariance of the power spectrum
and, notably, the soft limit of non-Gaussian n-point cor-
relation functions of ζ [6, 7].
But inflationary backgrounds are not de Sitter. The
existence of an evolving scalar field φ = φ(t) breaks the
de Sitter isometries by introducing departures of order
ǫ ≡ −H˙/H2 (the first slow-roll parameter) where H is
the Hubble parameter. This implies that some state-
ments based on symmetries are not exact (for instance,
the power spectrum is scale invariant up to corrections of
order ǫ). However, other statements are known to remain
valid to all orders in slow-roll. For example, in single field
inflation, the squeezed limit of the bispectrum (the am-
plitude of ζ’s three-point function) is known to respect
Maldacena’s consistency relation [8]
lim
k3→0
Bζ(k1,k2,k3) = −(ns − 1)Pζ(k3)Pζ(k1). (1)
This result is valid to all orders in the slow-roll parame-
ters as long as the background is attractor [9, 10]. This
can be understood as the consequence of the invariance of
Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
times under a special class of (residual) spatial diffeomor-
phisms [11–14]. However, this understanding is restricted
to attractor models where ζ becomes constant for wave-
lengths larger than the Hubble horizon H−1 [15].
General statements valid for non-attractor models have
remained more elusive. Non-attractor models of infla-
tion, such as ultra slow-roll [16–20] are characterized for
background solutions that keep memory of their initial
conditions. In these backgrounds, the amplitude of ζ
displays a rapid growth for wavelengths larger than H−1.
This has propelled considerably interest in studying the
effects of transient non-attractor periods during inflation
as a way of generating primordial black holes (PBHs) [21–
34]. For the same reasons, the status of non-Gaussianity
in non-attractor models has remained a matter of great
interest. It is well understood that during a non-attractor
phase the bispectrum is amplified, leading to a violation
of (1) that, in the particular case of ultra slow-roll takes
the form [35–42]
lim
k3→0
Bζ(k1,k2,k3) = 6Pζ(k3)Pζ(k1). (2)
However, it has been pointed out that this result does
not necessarily stay imprinted in the primordial spectra
after the non-attractor phase is over [40, 43–45].
The role of time diffeomorphisms in the computation
of the soft limit of n-point correlation functions in non-
attractor models have been emphasized in [38, 40, 41, 46,
47]. A difficulty of using time diffeomorphisms to study
the emergence of consistency relations is that they de-
stroy the gauge choice (usually comoving gauge) used to
compute correlation functions [11]. In Ref. [41], Finelli et
al. sorted this difficulty out by considering models with
exact shift symmetries. This exact symmetry allows an
additional transformation that restitutes the initial gauge
choice back. In this paper, we show that space-time dif-
feomorphisms alone, allow one to derive a consistency
relation valid to all orders in slow-roll parameters, inde-
pendent of whether the background is attractor or non-
attractor. Our result is derived using the background
wave method [8–10] and is found to be given by
lim
k3→0
Bζ(k1,k2,k3) = −(ns − 1)Pζ(kL)Pζ(kS)
+AP˙ζ(kL)
[
P˙ζ(kS) +H(ns − 1)Pζ(kS)
]
, (3)
where A is a known background function of slow-roll pa-
rameters. This result agrees with the consistency rela-
2tion found by Finelli et al. [41], valid for the specific case
where the theory is invariant under shift symmetries (see
also [48, 49]). Our result does not rely on this assump-
tion, but is restricted to canonical single field inflation.
Our result, being valid to all orders in terms of slow-roll
parameters, allows us to adventure a general conclusion
about single-field inflation, even if it underwent a period
of non-attractor evolution: At the end of inflation, once
the amplitude of curvature perturbations stop growing
(and therefore P˙ζ = 0), Maldacena’s consistency relation
(1) is recovered. A further consequence of this, is that the
observable squeezed limit of primordial non-Gaussianity
vanishes [43, 50–52].
Time diffeomorphisms and FLRW backgrounds.— We
start this discussion by focussing on the effects due to
small changes of the time coordinate on background
fields. The FLRW metric describing a flat expanding
universe is given by
ds2 = −dt2 + a2(t)dx2, (4)
where a = a(t) is the scale factor, and dx2 = δijdx
idxj .
In single field inflation the two relevant quantities deter-
mining the background configuration are the scalar field
φ(t) and the Hubble parameter H , determined in terms
of the scale factor a as H = a˙/a. They respect the fol-
lowing equations of motion
∂2φ
∂t2
+ 3H
∂φ
∂t
+
∂
∂φ
V (φ) = 0, (5)
3H2 =
1
2
(
∂φ
∂t
)2
+ V. (6)
Let us consider the effect of a pure time diffeomorphism
on φ(t) and a(t). The specific reparametrization has the
form
t→ t¯ = t+ ξ0, (7)
where ξ0 = ξ0(t) is a function of time. Given that φ is a
scalar, the transformation rule determining the effect of
this reparametrization on it, is
φ(t)→ φ¯(t¯) = φ(t). (8)
Normally, one would use this relation to write φ¯(t) =
φ(t− ξ0) = φ(t)− φ˙(t)ξ0. Here, instead, we are happy to
keep φ¯(t¯) intact, and ask whether it is able to satisfy the
same equations of motion as φ(t), but with t¯ instead of t.
On the other hand, the scale factor, being the time de-
pendent factor of the spatial metric, does not transform
at all under (7). We therefore conclude that the effect of
(7) on the metric (4) is given by
ds2 = −(1− 2ξ˙0)dt¯2 + a2(t)dx2. (9)
Here the scale factor a(t) = a[t(t¯)] is evaluated at time
t = t(t¯) = t¯− ξ0. To move on, let us tentatively define
a¯(t¯) = a(t)eα, (10)
where α = α(t) is a function of time to be determined.
We choose α and ξ0 in such a way that φ¯(t¯) and a¯(t¯)
satisfy the same equations of motion (5) and (6) that
φ(t) and a(t) respect, but with t¯ instead of t. That is, we
impose:
∂2φ¯
∂t¯2
+ 3H¯
∂φ¯
∂t¯
+
∂
∂φ¯
V (φ¯) = 0, (11)
3H¯2 =
1
2
(
∂φ¯
∂t¯
)2
+ V (φ¯). (12)
Using ∂t/∂t¯ = 1− ξ˙0, we see that H¯ = H(1+ α˙/H− ξ˙0).
Then it is straightforward to find that these equations are
indeed satisfied as long as ξ0 and α satisfy the following
two conditions:
d
dt
(
a3ǫHξ˙0
)
= 0, (13)
3α˙ = (3− ǫ)Hξ˙0. (14)
These results simply show that there exists a non-trivial
time diffeomorphism t → t¯ = t + ξ0 for which the scalar
field φ¯(t¯) = φ(t) respects the same original background
equations, but with a¯(t¯) instead of a(t). Let’s hold this
result for a moment.
Time diffeomorphisms and perturbations.— As a next
step, let us consider perturbing the metric (4) in two
different ways. First, we define perturbations ζ, δN , N
in such a way that
ds2 = −e2δNdt2 + a2(t)e2ζ(dx+N dt)2, (15)
where (dx + N dt)2 = δij(dx
i + N idt)(dxj + N jdt). In
the previous expression ζ is the spatial curvature pertur-
bation, and δN and N are the usual the lapse and shift
functions. We also perturb the scalar field φ(t,x) as
φ(t,x) = φ(t) + δφ(t,x). (16)
On the other hand, we consider a second way of perturb-
ing the same metric through perturbations ζ¯, δN¯ , N¯ in
such a way that
ds2 = −e2δN¯dt¯2 + a¯2(t¯)e2ζ¯(dx¯+ N¯ dt¯)2. (17)
It is crucial to appreciate that in this case we are using
the same time t¯ as defined in (7), and the same scale
factor a¯(t¯) defined in (10), with ξ0 and α respecting the
equations (13) and (14). We have also introduced the
spatial coordinate x¯i as
x¯ = eβ/3x, (18)
where β = β(t) is a function of time to be determined.
For comparison, note that more conventionally one would
write x¯i = xi + ξis, with ξ
i
s ≡
xi
3 β(t) so that ∂iξ
i
s = β(t).
In this second way of perturbing the system, we perturb
the scalar field φ(t,x) as
φ(t,x) = φ¯(t¯) + δφ¯(t¯, x¯), (19)
3where φ¯(t¯) = φ(t). It should be clear that both (15) and
(17) are just different ways of expressing the same metric.
However, the background fields and perturbations differ.
This is the key aspect that we exploit in what follows.
We now fix the gauge. We choose to work in co-moving
gauge, whereby δφ of Eq. (16) respects the condition
δφ(t,x) = 0. Because φ¯(t¯) = φ(t), choosing this gauge
automatically implies that δφ of Eq. (19) respects the
condition δφ¯(t¯, x¯) = 0. In other words, both ζ and ζ¯ are
comoving curvature perturbations. Is this even possible?
To answer this question, let us examine the effects of (7)
and (18) on expression (17). To do so, notice that (18)
implies that dx¯ = eβ/3dx+ 13xβ˙e
β/3dt. It follows that
ds2 = −e2(δN¯+ξ˙
0)dt2
+a2(t)e2(ζ¯+α+β/3)
[
dx+ N¯dt+
1
3
xβ˙dt
]2
. (20)
Comparing this with (15) implies that we must demand:
ζ = ζ¯ + α+
1
3
β, (21)
δN = δN¯ + ξ˙0, (22)
N = N¯ +
1
3
xβ˙. (23)
Let us recall that both ξ0 and α are already restricted
to satisfy (13) and (14), so it is not obvious that these
equations can be satisfied. To assess this, let us split the
perturbations ζ, δN , N into short- and long-wavelength
modes
ζ(t,x) = ζS(t,x) + ζL(t), (24)
δN (t,x) = δNS(t,x) + δNL(t), (25)
N (t,x) = NS(t,x) +NL(t,x). (26)
The long-wavelength parts of the perturbations satisfy
the well known linear equations for the perturbations in
comoving gauge, which in the long wavelength limit take
the form:
d
dt
(
ǫa3ζ˙L
)
= 0, (27)
δNL(t) =
1
H
ζ˙L(t), (28)
NL(t,x) =
1
3
ǫx ζ˙L(t). (29)
Equation (27) is nothing but the equation of motion sat-
isfied by the long-wavelength mode, and (28) and (29) are
the constraint equations satisfied by the lapse and shift
functions. So using (24)-(26) back into Eqs. (21)-(23),
we obtain
ζS(t,x) + ζL(t) = ζ¯(t,x) + α(t) +
1
3
β(t), (30)
δNS(t,x) +
1
H
ζ˙L(t) = δN¯ (t,x) + ξ˙
0(t), (31)
NS(t,x) +
1
3
ǫxζ˙L(t) = N¯ (t,x) +
1
3
xβ˙(t). (32)
Now comes the main step of our method. We ask whether
it is possible to equate every possible purely time depen-
dent quantity appearing in both sides of the previous set
of equations. That is, we wish to examine whether the
three following relations can be satisfied:
ξ˙0 =
1
H
ζ˙L, (33)
α+
1
3
β = ζL, (34)
β˙ = ǫζ˙L. (35)
Recall that ξ0 and α already satisfy the restrictions (13)
and (14). However, the long wavelength mode ζL respect
the equation of motion (27) which, thanks to (33), co-
incides with our condition (13). Similarly by taking a
time derivative of (34), and combining the result with
(33) and (35) we obtain 3α˙ = (3 − ǫ)Hξ˙0, which is pre-
cisely condition (14). Thus we see that together with
the identifications (33), (34) and (35), we learn that the
perturbations appearing in the metric (17) are nothing
but the short wavelength perturbation appearing in the
(same) metric (15):
ζ¯ = ζS , (36)
δN¯ = δNS , (37)
N¯ = NS . (38)
As a consequence, φ¯(t¯) and a¯(t¯) are the background fields
felt by the short wavelength perturbations ζS , δNS and
NS , once the effects of the long wavelength perturbations
have been absorbed.
Modulation of short wavelengths.— The compelling re-
sult of the previous section can now use to derive a con-
sistency relation between the power spectrum and the
bispectrum. To do so, notice that ζ¯ of (17) must be a
solution of the same equations of motion of the original
system (15) but with coordinates t¯, x¯ and scale factor
a¯(t¯), instead of the original ones. Let us call the solution
of the original system ζ(t,x) = ζ[t,x, a(t)]. Then, we
must have ζ¯(t,x) = ζ(t¯, x¯) = ζ[t¯, x¯, a¯(t¯)]. But thanks to
Eq. (36) we additionally have ζS(t,x) = ζ¯(t,x). There-
fore, it follows that
ζS(t,x) = ζ(t¯, x¯)
= ζ[t¯, x¯, a¯(t¯)]
= ζ[t+ ξ0, eβ/3x, a(t)eα]
= ζ[t+ ξ0, eβ/3x, a(t+ ξ0)eα−Hξ
0
]. (39)
However, notice that ζ[t,x, a(t)] = ζ[t,xeB , a(t)e−B]
must be true for an arbitrary time dependent function B.
This is because in the equation of motion for ζ, the quan-
tities a and x always come together through the combi-
nation a−2∂2. Then, we can write
ζS(t,x) = ζ[t+ ξ
0, eβ/3+α−Hξ
0
x, a(t+ ξ0)],
= ζ(t+ ξ0, eβ/3+α−Hξ
0
x) (40)
4But recall that β/3 + α = ζL, so
ζS(t,x) = ζ(t + ξ
0, eζL−Hξ
0
x), (41)
where ξ0 is determined from the first order equation ξ˙0 =
ζ˙L/H . We can actually refine (41) by integrating ξ˙
0 =
ζ˙L/H . To do so, we try the ansatz
ξ0 = C1 + F ζ˙L, (42)
where C1 is a constant of integration and F = F (t) is a
function of time to be determined. By taking a derivative
of this ansatz, and matching it with ξ˙0 = ζ˙L/H we obtain
HF˙ ζ˙L + FHζ¨L = ζ˙L. But recall from (27) that ζ¨L =
−3Hζ˙L − Hηζ˙L. Then, F must respect the following
equation HF˙ − (3+ η)FH2− 1 = 0. The solution to this
equation is the integral
F = a3ǫ C2 + 2A(t), A(t) ≡
a3ǫ
2
∫ t dt
a3ǫH
, (43)
where C2 is a constant of integration. In the previous
expression, A contains the indefinite part of the integral,
without the constant part already accounted in C2. The
integral can be solved by iterating partial integrations
infinite times. We arrive to the formal result:
A ≡ −
1
3
e3N ǫe−3N/2
∑
n=0
1
(n+ 1)!
e−3Nn/2
(
2
3
e3N/2
d
dN
)n(
e−3N/2
H2ǫ
)
, (44)
where N = ln a(t) is the usual e-fold number. It is easy
to appreciate that A is a function of slow-roll parameters.
The first few terms of the previous expression are:
H2A = −
1
3
+
1
6
(
1 +
4
3
ǫ+
2
3
η
)
−
1
27
[(
1 +
4
3
ǫ+
2
3
η
)
(2ǫ+ η)−
(
4
3
ǫη +
2
3
ηξ
)]
+ · · · , (45)
where η = ǫ˙ǫH and ξ =
η˙
ηH are the second and third slow-
roll parameters. To continue with our discussion, from
(42) we now have ξ0 = C1 + a
3ǫ C2ζ˙L + 2A(t)ζ˙L. But
recall from (27) that a3ǫζ˙L is a constant, and so we can
simplify ξ0 as
ξ0 = C + 2A(t)ζ˙L. (46)
What value should we choose for C? Notice that C plays
no role what so ever in our arguments relating the long
wavelength mode ζL with the background. In our anal-
ysis of the background leading to Eqs. (13) and (14) the
physically relevant quantity is ξ˙0. The same was true in
our analysis leading to (33), (34), and (35). In addition,
we already know that if ζ˙L = 0, we ought to not consider
any time diffeomoerphism to incorporate the effects of ζL
on the background. We therefore set C = 0 and, thanks
to (41), conclude that
ζS(t,x) = ζ(t+ 2Aζ˙L, e
ζL−2AHζ˙Lx), (47)
where A is the “local” background quantity defined in
(44). This result shows how the long-wavelength mode
ζL modulates its short wavelength counterpart. For com-
pleteness, let us mention the existence of interesting mod-
els for which every slow-roll parameter is small except for
η. In this particular case, one can resume (44) to find
A ≃ −
1
2(3 + η)H2
. (48)
It would seem that for η = −3 the quantity A becomes
ill defined. However, in that case one has to resume back
the neglected slow-roll parameters.
Consistency relation.—We are now ready to derive the
announced consistency relation. To proceed, notice that
the two-point correlation function of ζS(t,x) is given by
〈ζS(t,x)ζS(t,y)〉 = 〈ζSζS〉(t, |x− y|)
= 〈ζζ〉(t + 2Aζ˙L, e
ζL−2HAζ˙L |x− y|). (49)
Expanding this expression, and transforming the result
to Fourier space, we get
〈ζSζS〉(k1,k2) = 〈ζζ〉(k1 ,k2) + 2Aζ˙L(kL)P˙ζ(kS , t)
−
[
ζL(kL)− 2HAζ˙L(kL)
]
(ns − 1)Pζ(kS , t), (50)
where kS = (k1 − k2)/2 and kL = k1 + k2. In the
previous expression, ns − 1 is the spectral index of the
power spectrum Pζ(kS , t), defined as
ns − 1 ≡
∂
∂ ln k
ln
(
k3Pζ(k, t)
)
. (51)
Then, correlating the expression (50) with a long mode
ζL(k3), and using
〈ζL(k3)〈ζSζS〉(k1,k2)〉
= lim
k3→0
(2π)3δ(k1 + k2 + k3)Bζ(k1,k2,k3), (52)
to identify the squeezed limit of the bispectrum, we fi-
nally obtain:
lim
k3→0
Bζ(k1,k2,k3) = −(ns − 1)Pζ(kL)Pζ(kS)
+AP˙ζ(kL)
[
P˙ζ(kS) +H(ns − 1)Pζ(kS)
]
. (53)
This is our main result. It gives the consistency relation
for canonical single field inflation valid to all orders in
slow-roll parameters.
Discussion and conclusions.— We have derived a gen-
eral expression for the squeezed limit of the bispectrum,
valid for attractor and non-attractor models of canonical
inflation. This was previously achieved only near the at-
tractor and non-attractor regimes separately. Our result
5fills the gap, and allows one to have a general picture of
how transient non-attractor regimes affect the squeezed
limit of non-Gaussianity (see [53] for a discussion of this
point).
Noteworthily, Eq. (53) displays the same form of the
consistency relation found in Ref. [41], valid for scalar
field theories with an exact shift symmetry. There, the
factor A takes the particular form
A = −
φ˙
2φ¨Θ
, (54)
where Θ is a time dependent background quantity that
generalizes the constraint equation (28) as δNL = ζ˙L/Θ
to incorporate non-canonical theories. To properly com-
pare our result with that of [41] we must consider the
particular case of canonical inflation with an exactly flat
potential V =constant. In this case, one has Θ = H and
φ¨ = −3Hφ˙, from where it follows that A = 1/6H2. This
corresponds to the case η = −6, which in (48) gives us
back the same result.
Our derivation relied on organizing perturbation the-
ory in such a way that a time diffeomorphism would
not take us away from co-moving gauge. This allowed
us to evade a well known obstruction of using time-
diffeomorphism to study the consequences of residual
diffeomorphisms. This might be an indication of how
to proceed more generally to extend the ideas outlined
in [11–14] to analyze non-attractor backgrounds.
To finish, we emphasize an important consequence of
our main result. After a phase of non-attractor infla-
tion, ζ will stop growing, and we must inevitably re-
cover the standard relation (1). Together with the fact
that this relation is now understood to be a gauge arti-
fact [43, 50–52], we must conclude that a robust predic-
tion of single field inflation is the absence of primordial
non-Gaussianity in its squeezed limit (see [54] for a recent
discussion objecting this point).
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